Abstract-Minimum-latency beaconing schedule (MLBS) in synchronous multihop wireless networks seeks a schedule for beaconing with the shortest latency. This problem is NP-hard even when the interference radius is equal to the transmission radius. All prior works assume that the interference radius is equal to the transmission radius, and the best-known approximation ratio for MLBS under this special interference model is 7. In this paper, we present a new approximation algorithm called strip coloring for MLBS under the general protocol interference model. Its approximation ratio is at most 5 when the interference radius is equal to transmission radius, and is between 3 and 6 in general.
I. INTRODUCTION
Beaconing in wireless networks is a primitive communication task in which every node locally broadcasts a packet to all its neighbors. Assume that all communications proceed in synchronous time-slots and each node can transmit at most one packet of a fixed size in each time-slot. A beaconing schedule assigns a time-slot to every node subject to the constraint that the nodes assigned in each time-slot are interference free. The latency of a beaconing schedule is the number of time-slots during which at least one transmission occurs. The problem of computing a beaconing schedule with minimum latency in a wireless network is referred to Minimum-Latency Beaconing Schedule (MLBS). The problem MLBS is a classic and fundamental problem in wireless networks, and variants of this problem have been extensively studied in [1] , [2] , [4] , [10] , [11] , [13] , [14] , [15] , [16] .
In this paper, we study the problem MLBS under the following model for wireless networks. All the networking nodes are located in a plane and are each equipped with an omnidirectional antenna. Each node has a fixed transmission radius which is normalized to one and an interference radius ρ ≥ 1. The communication range and the interference range of a node v are the two disks centered at v of radius one and ρ respectively (see Figure 1) . A node v can receive the message successfully from a transmitting node u if v is within the transmission range of u but is outside the interference range of any other transmitting node. Such interference model is referred to as the protocol interference model [7] and is widely used because of its generality and tractability. Under the above networking model, the communication topology of a wireless network in a unit-disk graph [3] in which there is an edge between two nodes if and only if their distances is at most one. We assume that the communication topology is always connected. Then, any pair of nodes with distance at most max {1, ρ − 1} interfere with each other, and pair of nodes with distance greater than ρ + 1 do not interfere with each other. We also define the interference topology of a wireless network as follows: For any pair of nodes u and v, there is an edge between u and v in the interference topology if one of the three conditions holds: (1) u and v are within each other's communication range (see Figure 2 (a)), (2) some node w other than u and v is within u's communication range and v's interference range (see Figure 2 (b)), and (3) some node w other than u and v is within v's communication range and u's interference range (see Figure 2 (c)). Then a beaconing schedule for a wireless network is equivalent to a proper vertex coloring of its interference topology with the latency corresponding to the number of colors. Hence, the problem MLBS for a wireless network seeks the minimum vertex coloring of its interference topology.
All the prior works on MLBS [1] , [2] , [4] , [10] , [11] , [13] , [14] , [15] , [16] implicitly assumed that ρ = 1. When ρ = 1, the interference topology is the square of a unit-disk graph representing the communication topology. Sen and Huson [13] proved that minimum coloring of a square of a unit-disk graph is NP-hard. The classical greedy coloring known as first-fit coloring in the smallest-degree-last ordering [8] was adopted by Sen and Malesinska [14] to produce a coloring of the square of unit-disk graph. While this greedy coloring has polynomial approximation ratio when applied to general graphs, it is a 7-approximation when restricted to squares of unit-disk graphs [16] . The bound 7 is the best-known upper bound on the achievable approximation ratio for MLBS with ρ = 1. It has been open for years whether there is an algorithm for MLBS with ρ = 1 whose approximation ratio is smaller than 7.
In this paper, we propose an algorithm called strip coloring for MLBS with arbitrary ρ ≥ 1, which exploits a key structural property of the interference topology. For ρ = 1 , its approximation ratio is at most 5 , which is smaller than the best-known bound 7 on achievable approximation ratio. For ρ > 1, its approximation ratio ranges from 3 to 6 depending on the value of ρ. The following notations will be used throughout this paper. The Euclidean distance between two nodes u and v is denoted by uv . The disk of radius r centered at a node v is denoted by D (v, r). The topological boundary of a point set A is denoted by ∂A. Let G = (V, E) be an arbitrary graph. We use χ (G) and ω (G) to denote its chromatic number and clique number of G respectively. In general,
The remaining of this paper is organized as follows. In Section II, we introduce a function and present several properties of this function. In Section III, we describe the algorithm strip coloring and analyze its approximation ratio. Finally, we conclude this paper in Section III by discussing on some further relevant results.
II. PRELIMINARIES Define a function
We first present the geometric interpretation of the value h (ρ).
. Let pq be a line segment with ρ−1 < pq < 2. u and v are the two points on the opposite side of pq such that up = uq = vq = 1 and vp = ρ (see Figure 3 ). Then the distance between q and uv strictly increases with pq and equals to h (ρ) when pq = ρ. Proof: By law of cosine,
pq .
Since ρ ≥ 1, cos ∠pqv strictly increases with pq when 0 < pq < 2. So, ∠pqv strictly decreases with pq . Clearly, ∠pqu strictly decreases with pq . So, ∠uqv strictly decreases with pq . Thus, the distance between q and uv strictly increases with pq .
When pq = ρ, we have
Hence the distance between q and uv is
. Consider a right triangle puv with ∠puv = π 2 , pu = 1 and pv = ρ (see Figure 4) . Let q be a point on the circle ∂D (v, max {1, ρ − 1}) which lies on the different side of uv from p and ∠uvq ≤ π 2 . Then the distance between q and uv strictly decreases with pq , and equals to h (ρ) when pq = ρ. Proof: By law of cosine, ∠pvq strictly increases with pq . Since ∠uvq = ∠pvq − ∠pvu and ∠pvu is fixed, ∠uvq also strictly increases with pq , and so does the distance between q and uv. When pq = ρ,
and hence the distance between q and uv is
Next, we give some useful properties of h (ρ). We begin with the following lemma. 
Proof: Let
and the derivative of θ over t is
Hence, dθ dt < 0 when 0 < t < 1. This implies that θ strictly decreases with t when 0 < t ≤ 1,and consequently strictly increases with ρ when increases ρ ≥ 1.
It's easy to verify that h (ρ) is continuous. The lemma below shows the monotonicity of h (ρ).
Lemma 4: h (ρ) is strictly increasing. In addition,
ρ+1 is also strictly increasing when ρ ≥ 2.
Proof:
Hence, h (ρ) strictly increases when
ρ+1 strictly increases with ρ when ρ > 2 by Lemma 3.
Next, we give some inequalities satisfied by h (ρ).
Lemma 5:
The following statements are true. 1) For any ρ ≥ 1,
3) When ρ is less than (resp., equal to, greater than)
2 is greater than (resp., equal to, less than) ρ 2 − 1.
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Proof: (1) By Lemma 3, arccos
we have
for any ρ ≥ 2. Thus when ρ ≥ 2,
Since h (ρ) strictly increases on [1, 2] by Lemma 4, we have
for any 1 ≤ ρ ≤ 2. So the first part of the lemma holds.
(2) We prove the second part in two cases.
. In this case,
We first show that
Replacing ρ with t + 1, we have Hence,
which implies that
So,
Now, we show that
Replacing ρ with t + 1, we have 
Case 2:
Thus,
On the other hand,
Thus, h (ρ) < ρ + 1 4 .
(3). It's easy to verify that when
Next, assume that ρ > 2. Consider a right triangle puv with ∠puw = π 2 , pu = 1 and pv = ρ. Let q be a point on the same side of pv as u such that qv = ρ − 1 and pq = ρ. By Lemma 2, the distance between q and uv equals to h (ρ).
we have,
So, the third part of the lemma holds.
For each ρ ≥ 1, let
In the remaining of this section, we compute k (ρ). It's easy to verify that k (1) = 4. By Lemma 5(2), we have k (ρ) = 5 on (1, 2] . By Lemma 5(1), for any ρ ≥ 2 we have
Let ρ 1 , ρ 2 and ρ 3 be the values greater than two at which
are equal to 4, 3 and 2 respectively. Then, ρ) contains at least one node other than v 3 . By symmetry, we assume the former holds. We will prove that
which implies that v 2 and v 1 also interfere with each other. 1) and ∂D (v 3 , ρ) intersect at two points. Let p be the intersection point of ∂D (v 1 , 1) and  ∂D (v 3 , ρ) which lies on different side of v 1 v 3 from v 2 (see Figure 5 ). Then, 
q 1 is closer to v 1 than q 3 . Thus, . By Lemma 5(3), . By Lemma 5(3),
Thus, ∠v 1 v 3 p achieves its maximum when pv 1 is perpendicular to v 1 v 3 . So, pq 3 achieves its maximum when pv 1 is 
The entire coloring of all nodes is valid since for any i and j with i < j and (i − j) mod (k (ρ) + 1) = 0, any node in a strip i and any node in a strip j are separated by a distance greater than ρ + 1 and thus are not adjacent in H. This implies that the strip coloring uses at most (k (ρ) + 1) ω (H) colors. In summary, we have the following theorem.
Theorem 7:
The strip coloring uses at most (k (ρ) + 1) ω (H) colors, and its approximation ratio is at most k (ρ) + 1. For ρ = 1, the strip coloring is a 5-approximation, an improvement upon the best-known 7-approximation.
IV. DISCUSSIONS
We can still apply the greedy first-fit coloring on the interference topology H. For ρ > 1, we can prove that its approximation ratio is bounded by a packing parameter η (ρ) which is the maximal number of points whose pairwise distances are greater than max {1, ρ − 1} in a half-disk of radius ρ + 1. While still being bounded by a constant, η (ρ) is at least 7, which is worse than the bound k (ρ) + 1 on the approximation ratio of the strip coloring.
Using the similar argument used in the proof of Lemma 6, we can prove that when all the networking nodes lie in a strip of height at most
the interference topology is cocomparable, and thus its minimum coloring can be solved in polynomial time.
